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Abstract 

The purpose oft his project is to develop an algorithm to create crochet pat terns for a variety

of surfaces. I start with surfaces of constant curvature: tlw Euclidean surface aud the sphere. 

Then, I generate pat terns for surfaces of revolution by calculating the change in circumferenece

for each row of stitches. My methods suggest an approach to crochet more surfaces such 

as surfaces whose cross section is not a circle. This research demonstrates how crochet can 

act as a discrete model of differential geometry. Producing these pat.terns allows for fort.her 

research into the surfaces themselves by providing accurate models as well as continues the 

study oft he relationship between crochet and mat hernatics. By studying this relationship I can

increase the amount of understanding of mathematics (a subject often found difficult) for those 

who understand crafts, such as crochet, by describing mathematics in terms they can better

understand. This is a very important part of researching mathematics; not only researching 

advanced topics in mathematics but also how to teach and demonstrate mathematics to non­

mathematical people. 



1 Introduction 

This project. umw about after reading the book written by Daina Taimina titled Crocheting Ad­

Vf'nhlres with Hyperbolic Planf's This book outlines the history of crochN, rlefines the hyperbolic 

surface. and most important!.\' for this project, shows how to nPat.c a crodwt pattern for the hy­

perbolic surface. After reading this book, I wondered how to crochet. other surfaces, specificall_v a 

sphen'. By m;ing the example from Crocheting Adventures with Ilyperbol-ic Planes it wa.'i possible 

to dPvelop a paUPrn for a sphere as wPII as other surfaces. (-! I 

I started working on this project with the idea that I would work with thP threP basic surfaces 

of constant curvature (Euclidean surface, sphere, and hyperbolic surface) to crate surfaces of non­

constant curw1t11re. I started with !Ta.ding the Taimina. hook and stud.ving the process she used 

to develop the pattern in order to repeat it for the Euclidean and spherical surfact-'s. Sinre the 

hyperbolic surface has constant negative curvature, the Euclidean surface has constant O curvature, 

and the spherical surface ha.'i constant positive curvature I believed that I would be able to com;truct 

patterns for surfa<Ts of non-constant. cnn-at.urc has1!d 011 the patterns for these surfaces. 

In order to begin dt•vdoping the paltl'rns for the Euclidean and spherical surfaces I had to 

understand ,vhat made them different from other surfaces. such as a torus that is shapes like a 

donut with a single hole in the middle. To understand this, I read about spherical geometry and 

cmTature in Experiencing Geometry: Euclidean and Non-Euclidean ·with History the Third Edition 

b:v David \V. Henderson and Daina Taimina. This book talked about what gt>ornt'tr:v looks like on 

a sphere, including the geodesics of spherical geometry and triangles 011 a sphere. I a.lso learned 

about cun·ature from this book, especiall,v extrinsic curYature or Gaussian curvature. (3) 

I a.lso kanwd about. CllrYatun• from l\!fodcrn Differential Geometry of Curves and Surfaces b~, 

Alfred Gray. This I.ext.book also gave a very good description of extrinsic curvaturi: that hel1wd nw 

to lm.rn how to cakulate curvature that was to be Vl-'I'Y important t.o 1111.; process. (2) 

I proceeded to de\·elop the pattnns for the Euclidt>an and spherical surfaces based on what I had 

il'arnt'd from Crochf'fing Adventures with HyJ}('rbolic Planf:8, Experfrncinq Gmrnelr7J: Eur:lidean and 

Son-Euclulean u•ilh Ihstory and Modern Differential Geometry of Curve,; and Surfaces by Alfred 
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The next step t.o developing the patti!rns for surfaces of non-constant curvature did not go as 

well. I attemplPd to dt>,·elop the patt<'rn for a paraboloid hasPd 011 the fact that a paraboloid ha:-; 

positive curvature, but not constant curvature. I was unable to figure out how to take parts of 

the patterns for different spheres ( each of which has different curvature based on the radius of the 

sphere) since I was unable to figure out how to combine the different spherical patterns together in 

a wa,v that resultPd in a paraboloid . 

. \ftcr bt'ing unable to develop accurate patterns using curvature I turned to using arc length. I 

determined that one stitch equals one nnit of arc length. The paraboloid pat.tern was much easier 

to dewlop nsing arc length after I recalled that the paraboloid is a surface of revolution and cau lw 

t.rPatPd as circles rotating about an axis. Thi' arc lm1gth gives the radius of the circle that is each 

row. Tu order to calculate the radius I used a mathematical program called \Volfram Mathematica. 

I had never used this program before awl so used The Student's lntrndnction tn A-fathematirn.: A 

Handbnnk fnr Precalculns, C11lc11l11s, and linear AlgPlim the second edition by Bruce F. Torrence and 

Ew A. Tom·1w<' to learn what thP syntax is and what kinds of calculations \Volfram l\fathematica 

can do. ( 5) 

After determining to usP arc length and how to generate the patterns using arc length I was 

ablt• to gP1wratP patterns for the paraboloid, hyperboloid (of 1 and 2 sheets), and ellipsoid. These 

snrfa.cps are all surfaces of n·,·ol11t.io11. Lastly, I experimenter! with rotating the surfaces about the 

axis in a square rather than a circl<>, finding that the curvature remains the same whether or not the 

change in stitchPs is ewnl:v distributed or concentrated at four con1t>rs, as with the square rotations. 

Crochet 

To crochet tlwst' surfacPs I have been crocheting each row as a circlt!. Ea.ch row will hP one time 

around, making a cmnplete circle. This means that each row could abo be referred to as a ''round." 

In Figure 1 below the circle could he a cross section of any of the patterns. Each block in Figure I 

rqm'SP11ts a stitch. The number of stitches will changt' from one row to another as the surfaces 



change. This means the circumference of the circle that makes up that row (since I am crocheting 

in rounds) will change from one row to another. 

Figure 1: Cross section with blocks for stit:ehes ( 11) 

Another way to think of the patterns is to think of each stitch as a step an a,nt may' take if 

it were walking across the entire surface, as described in Gaussian curvature. So, if the surface 

changes in curvature or size from one row to another, the number of steps the ant would take (or 

the number of stitches) will abo change. Figure 2 below can be thought of as the image of a cross 

section of a pattern with each stitch marked out as an ant. 

Figi1re 2: Cross section with ants for stitches (7) 
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3 Surfaces of Constant Curvature 

3.1 Curvature 

The best way to think of curvature for this project is to think of it as the best-fit sphere. The 

best-fit sphere is the sphere that has the same curvature value as the surface at a given region. So, 

it is possible to think of curvature as the sphere that best fits in that section of the surface because 

they have the same curvature. Curvature can be measured in Gaussian CurV'.i.ture which will be 

d iscussed later in this report. For example, the Gaussian curvature of a sphere is calculated by 

taking 7&. 
A Euclidean surface is what is usually thought of when one starts thinking about geometry as it 

is what is taught in grade school. Euclidean surfaces are geomet~ically flat and are what we usually 

work with when working with geometry. Euclidean geometry is used on a Euclidean surface. An 

example of a Euclidean surface that may not seem obvious is a cylinder. The cylinder is a Euclidean 

surface because it can be unrolled onto a flat plane without tearing. 

A Euclidean surface has zero curvature, see Figure 3 for an example of a Euclidean surface. A 

spherical surface is one that appears to curve outward like on an egg or an apple and has positive 

curvature, see Figure 4 for an example of a spherical surface. A hyperbolic s~uface is one that 

appears to curve inward like on coral or kale leaves and has negative curvature, see Figure 5 for an 

example of a hyperbolic surface. 

Figure 3: Cylinder with zero curvature (9) 

5 



Figure 4: Sphere with positive curvature (8) 

Figure ~: Or9cheted hype~bc;iVc sµrface wi~h ,;iegative curvature ( 12) 

3.2 Gaussian Cur.vature 

Gaussian curvatµre is the intrinsic curv-.i.ture qf a fiurface; this is the curvature a bug on the surface 

would be able to calculate. Gaussian curvature is defined as k1 x k2 where k1 and k2 are the 

principal curvatures. The principal curvatures are the curvature in two different directions from 

one point on the surface. Figure 3.2 is an example of the principal curvatures marked off on a 

surface. However, there are many ways to calculate Gaussian curv-.i.ture; I will talk more on this 

later. 

Mean curvature is the average of k1 and k2 ; however, I will use Gaussian curvature for the 

following reason. To determine the correct way to measure curvature. I will calculate the curvature 

of a cylinder. A cylinder is a Euclidean surface, and so, by the design of this project; it must 

have constant O curvature. Note that the one of the principal curvatures is O and the other is 
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Figure 6: Example of principal curvat;rres (10) 

some positive number. The Mean curvature, given by H = ki ~k2 , will be a positive number. The 

Gaussian curvature of a cylinder, given by K = k1 x k2, be O since one of the principal curvatmes is 

0. So, in order for a cylinder, a Euclidean surface, to have constant O cmvatme, I will use Gaussian 

curvature. 

3.3 Euclidean Surface 

A Euclidean surface, as discussed above, has cmvature 0. So, the basic Euclidean surface will be 

crocheted by crocheting stitches in circles of increasing radii. 

For this pattern, I started with the size of a stitch, represented by l. I calculated my stitch 

size by crocheting a patch of 10 stitches in 10 rows, measuring the size of the patch in inches and 

dividing by 100 stitches; I found my stitch size to be 0. 75 inch. In order to have an accurate pattern, 

it is important to measure your stitch size as the size of a stitch changes drastically depending on 

the yarn used, the size of the crochet needle, and the crocheter. 

To crochet the circumference of the circle, it is necessary to know the radius of the circle. The 

radius of the row, represented by r, will increase by one stitch size since each row increases the 

distance from the center by one stitch. For example row 1 has radius 0.75 inch (1 x 0.75) and row 

4 has radius of 3 inches ( 4 x 0. 75) . Then, it is possible to calculate the circumference of the circle 
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for each row by using C = 21rr. The next step is to calculate the circumference in stitches. This is 

done by dividing the circumference in inches by the size of one stitch. 

C(inches) = 21rr(inches) 

C( t ·t h) _ 2 r(inches ) sic - 7r 1 

Then it is simple to calculate the increase or decrease from one row to another by subtracting the 

circumference (in stitches) of the previous row from the circumference (in stitches) of the current 

row. It is interesting to note that the increase is the same for all rows, 6 stitches. This is because 

when calculating the circumference in stitches, the equation becomes C = 21rn with n representing 

the row number. This means that the circumference is increasing by 21r from one row to another 

-and when this is rounded, as I had to do since stitches must be whole numbers, 21r rounds to 6. 

See Figure 7 below for the pattern for the basic Euclidean surface. See Figure 8 below for a 

picture of the resulting crochet surface. 

stitch size 0.75 inches 

llne R C (Inches) C (stitches) lnrease/Decrease 
1 0.75 5 6 6 
2 1.5 9 13 6 
3 2.25 14 19 6 
4 3 19 25 6 
5 3.75 24 31 6 
6 4.5 28 38 6 
7 5.25 33 44 6 
8 6 38 50 6 
9 6.75 42 57 6 

10 7.5 47 63 6 ... " .. "' " .,,, ,. 

11 8.25 52 69 6 
12 9 57 75 6 
13 9.75 61 82 6 
14 10.5 66 88 6 
15 11.25 71 94 6 
16 12 75 101 6 
17 12.75 80 107 6 

' 

Figure 7: Euclidean surface p-attern 
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Figure 8: Crocheted Euclidean surface 

3.4 Sphere 

3.4.1 Pattern for Sphere 

In order to create a reliable program for a sphere patte:r;n, I started by looking at the work of Daina 

Taimina in Crocheting Adventures with Hyperbolic Planes. In her book, Tairnina outlines how to 

evaluate the radius of a circle at each row in the pattern and how to add stitches to the pattern so 

the ratio of the circumference of the circle in the current row to the previous row is consistent with 

the constant negative curvature of the hyperbolic plane. A hyperbolic surface I crocheted using 

Taimina's book is in Figure 9 below. 

To begin generating a pattern for a sphere, I started with a given radius, R (in inches), of the 

sphere and the size of my stitch, l (in inches). The stitches are assumed to be all the same size. 

While this is not true, it will be assumed that any differences between stitch sizes will be negligible. 

The circumference of a circle on a sphere has the formula C = 2tr R sin( 0). 0 is the angle from the 

-center of the sphere of the circle on the sphere, this can be seen in Figure 10. Also from Figure 10, 

you can see that the radius of the circle on the sphere has radius Rsin0.- This is from forming the 

right triangle with angle 0 and hypotenuse R and then using trigonometry to solve for the radius 
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Figure 9: ?yly crocheted hyperbolic surface based on Taimina 's book 

of the circle. This means that the radius in the formula for the circumference of a circle ( C = 21rr) 

can be substituted with Rsin0 to result in C = 21rRsin(0). 

C -2x1tsin 6 

C - 2x1tsin -fi I 

Figure 10: Circumference of a circle on a sphere (13) 

It is necessary to know how many radians a stitch equals because C depends on 0, which is 

in radians. To do this, I will need to define what a great circle is. A great circle is a circle on 

a sphere that divides the sphere into two even hemispheres. For example, the Equator on Earth 

is a great circle since it divides the Earth into the Northern and Southern Hemispheres. A prime 

meridian would also be a great circle on Earth. A great circle is important because it is possible to 



relate the circumference of a circle to elements of the sphere when dealing with a great circle. The 

circumference of a great circle on a sphere is C = 21r H since the radius of the great circle equals 

the radius of the sphere, R. 

In order to find how many radians a stitch equals, I will use the equation of circumference of a 

great circle. We know that a circle equals 21r radians around, so it is possible to relate radians to 

stitch size as follows. 

21r(radians) = 2
~ Rstitches 

1 (radians) = '¥-stitches 

i(radians) = l(stitch) 

Now, note that O increases each row by the size of one stitch in radians. 0 is equal to the row 

number, n, multiplied by the size of a stitch in radians: 0 = nl. 

So. 

C 21rH.sin(O)stitches 

21r R sin( nl)stitches 

This is the equation to use to determine the number of stitches in each row of the pattern. 

An example of the pattern for a sphere of 6 inches with crochet stitch size of 0. 75 inch is below 

in Figure 11. For an example of a sphere crocheted using this pattern see Figure 12 below. 

Below in Figure 13 you can see a crocheted sphere with radius 6 inches (in blue) and with radius 

2 inches (green). You can see the difference in the size of the spheres, as the spheres should be. 

3.4.2 Calculating Error 

After creating this pattern I verified that the pattern maintains the characteristics of the surface. 

I verified the spherical pattern by measuring out a circle on the surface and counting the number 

of stitches that form the area of that circle. I then compared that count to the calculated area of 

that circle. given that radius, and then calculated the error. 

For example, on the 6 inch radius sphere I have crocheted based on my pattern (see Figure 12 
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R 6 inches 
stitch size 0.75 inches 
stitch size 0125 radians 
C euclid 38 inches 

C euclid SO stitches 
Total Row, 25 

line theta C ( r ) (inches) C ( r ) (stitches) lnreasefoecrea~ 

1 0.125 5 6 6 

2 0.25 9 12 6 

3 0.375 14 18 6 
4 0.5 18 24 6 

5 0.625 22 29 5 
6 0.75 26 34 5 

7 0.875 29 39 4 

8 l 32 42 4 
9 1.125 34 45 3 

10 1.25 36 48 2 
11 1.375 37 49 2 
12 1.5 38 so 1 

13 1.625 38 50 0 
14 1.75 37 49 -1 

15 1875 36 48 -2 

16 2 34 46 ·2 

17 2.125 32 43 -3 

18 2.25 29 39 --4 
19 2.375 26 35 -4 

20 2.5 23 30 -5 

21 2.625 19 25 -5 

22 275 14 19 -6 

23 2.875 10 13 -6 
24 3 5 7 -6 

25 3.125 1 1 -6 

Figure 11: Sphere pattern example 

above), a circle of radius 6 stitches on the sphere has an error of 1.8 %. I counted 111 stitches 

in the area of the circle when there should have been 113 stitches. This error is very small when 

considering that the pattern must be rounded to whole numbers for each row because it is not 

possible to crochet a fraction of a stitch. This helps to justify that the patterns I have produced 

follow the curvature and geodesic that the surface has and to validate my results. 

3.4.3 Gaussian Curvature of a Sphere 

The Gaussian curvature of a sphere is K = J2 • This is not calculated by the product of the two 

principal curvatures, but it is possible to calculate Gaussian curvature by K = (~x_;'(~~yt;_g:3))2

2 if 

the surface is given by a formula z = f(x, y). Fx and F;1 are single derivatives and Fxx, F1111 , and 
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• 

Figure 13: Spheres of radii 6 inches and 2 inches 

Fxy are second deriV'atives of the function z = f(x, y) of the surface. The equation for a sphere is 

R2 = z 2 + x 2 + y2 so f(x, y) = z = JR2 + x 2 + y2 with R being the radius of the sphere. Below 

are the calculations to determine K = -:,h-. 
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Here I will list the derivatives of f ( x, y): 

Fx = -x(R2 + x2 + y2)-l/2 

Fxx = -(R2 + x2 + y2)-l/2 + -x2(R2 + x2 + y2)-3/2 

Fxy = -:i:y(R2 + x2 + y2)-3/2 

p11 = -y(R2 + x2 + y2)-1;2 

p1111 = -(R2 + x2 + y2) 1;2 + -y2(R2 + x2 + y2) 3/2 

For the sake of readability I am going to use w = R 2 + x 2 + y2
• So, 

K 
( -w-1/2 + -x2w --3/2) x (-w-1/2 + -y2w-3/2) _ (-xyw-3/2)2 

(1 + (-xw-I/2)2) + (-yw-1/2)2))2 

111 -1 + y2 111 -2 + X211J-2 

1 + 2x2w-l + 2y2w-l + x4w-2 + 2x2y2w-2 + y4w-2 

w-1 + y2w-2 + x2w-2 

1 + 2x2w-1 + 2y2w-l + x4w-2 + 2r2y2w-2 + iJ4w-2 

IJJ-1 (1 + Y2W-l + X211J-l 

1 + 2:r2w-1 + 2y2w-1 + x 4w-2 + 2x2y2w-2 + y 4w- 2 

1 + y2w-l + X21/J-l 

At this time I will replace 111 for R 2 + x 2 + y2 once again. 

K 
R2 2 2 2 2 2 2 x4 2x2¥2 y4 

- X - Y + X + Y + R2 2 2 + R2 2 + R2 2 2 -x -y -x -y -x -y 

( R2+x2+y2)( R2 -x2-y2)+x•+2x2y2+y4 
n2-x2_ 112 

R2-x2-1,2 

R2 _ x2 _ y2 

R2 
~----x R2 _ x2 _ y2 

1 
R2 

R2 _ x2 _ y2 

R4 

fhat concludes showing that the Gaussian curvature of a sphere is indeed calculated by ~2 . 
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This will be used below to compare the positive curvature of a sphere to other surfaces with positive 

curvature. like a paraboloid. 

4 Attempting Surfaces of Non-Constant Curvature 

Originally when T started working on this projer.t T had helieve<l that it would he possible to 

construct patterns for surfaces of non-constant curvature by using parts of patterns for the three 

surfaces of constant curvature. I started with working on a paraboloid. I started by calculating the 

curvature of a paraboloid. 

For a paraboloid, the surface is give by z = .1:
2 + y2

• So, f(x, y) = x 2 + y2
. 

Then, 

fx = 2x 

fy = 2y 

fn = 2 

fyy = 2 

fxy = 0 

And so. 

K = FxT XFu.-(Fx, )
1 

(1+(Fxl2+(Fy)-½)2 with Fxx, F~y 
2x2-02 

K = (1+(2x),+(2y)2) 2 

K= 4 (1+4x2+4y2)2 

This means that each point on the paraboloid has positive curvature and different for each point. 

This means that technically, each point should be related to a different sphere pattern since the 

sphere has constant positive curvature. It is possible to get different curvatures on a sphere by 

changing the radius of the sphere. 

When I tried to work on pattern for the paraboloid, I had trouble determining how many stitches 

on the paraboloid should come from the same sphere pattern. I also had trouble in determining 

what part of the pattern for the sphere to use for the paraboloid. While it is true that the sphere 

has constant curvature, the pattern for the sphere changes from one row to another. 
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The incorrect pattern for a paraboloid can be seen in Figure 14. The result of my attempt to 

use curvature to crochet a paraboloid can be seen in Figure 15. A correct crocheted paraboloid can 

be seen in Figure 24. 

z X V K - curvature Radius of Oosest Sphere number of stitches in each row Increase 
1 0 1 0.16 2.5 16 
2 0 1.414213562 0.049382716 4.5 28 
3 0 1. 732050808 0.023668639 6.5 41 
4 0 2 0.01384083 8.5 53 
5 0 2.236067977 0.009070295 10.5 66 
6 2 1.414213562 0.0064 12.5 79 
7 0 2.645751311 0.004756243 14.5 91 
8 0 2.828427125 0.003673095 16.S 104 
9 0 3 0.002921841 18.5 116 

10 0 3.16227766 0.002379536 20.5 129 
11 0 3.31662479 0.001975309 22.5 141 
12 0 3.464101615 0.001665973 24.S 154 

Figure 14: Incorrect paraboloid pattern 

5 Surfaces of Revolution 

I will now develop crochet patterns for surfaces of revolution. This means that the surfaces are 

those created by rotating a curve about an a.xis, in this case the x or y axis. 

For example, the paraboloid is created by rotating a parabola about an axis on an .T and y 

graph. Different surfaces can be obtained by rotating a curve about a different axis. An example 

of thb is the two types of hyperboloids: one created by rotating a hyperbola about the x-axis and 

one created rotating a hyperbola about the y-axis. See Figure 16 below for a hyperboloid of one 

sheet. See Figure 17 below for a hyperboloid of two sheets. 

5.1 Arc Length 

Arc length is defined as the length of the curve. Arc length is used when the distance needed is 

not a straight line, such as on the surfaces I will be crocheting. Figure 18 below is of a section of 

16 
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Figure 15: lncorr~ct crocheted paraboloid 

Figure 16: Hyperboloid of 1 Sheet 

a crrde (a curve) that has marked on it three arc lengths. Arc length is represented as s and i'l 

calculated by s = J; J1 + (y'(t)) 2dt. 

This formula can be found by looking at Figure 5.1 below: draw a right triangle as in the 

image, by the Pythagorean Theorem, os2 = ox2 + oy2
. So then g! = J1 + ~- However, os is 

only an estimation of the curve, it is not the exact measure of the curve. So, take infinitely small 

o.~, ox, and oy by taking the limit of the equation as os (and thus ox and oy) go to 0. To find the 

length of the curve, add up infinitely many of these infinitesimally small triangles; this means to 
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Figure 17: Hyperboloid of 2 Sheets 

Figure 18-: Example of arc length 

find the length of the curve, take the integral. The result is s = fox J l + (~ )2dt. 

5.2 The General Idea 

The basic idea to formulate the patterns for surfaces of revolution is to use arc length to calculate 

x or y value that serves as the radius of the row. Then, calculate the change in circumference from 

one row to the next to find the increase or decrease of stitches. The following sections will describe 

this process in greater detail. 
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I 

I 
Figure 19: Right triangle used to derive arc length formula (6) 

5.2.1 Using Wolfram Mathematica to Calculate Arc Length and x or y vam~ 

To calculate arc length using Wolfram Mathematica I started by inputting as f (t) the '"inside'· of 

the integral in the arc length formula. This way f(t) = y'l + y'(t)) 2 with y'(t)2 for the specific 

curve I was dealing with. An example of the command in Wolfram Mathematica is f [t_] : = 

jl + ( 4t2 ) / b4 . This equation is used for a paraboloid. 

I then defined the arc length formula as the integration of f(t). This was best done by utilizing 

the integration abilities of Wolfram Mathematica. I defined this equation as s(t). The command in 

Wolfram Mathematica to do this is s [t_] : = Nintegrate [f [u] , u, 0, t]. 

I made sure to use the numeric integration command rather than the integration command so 

I could calculate the inverse and then specific values of the inverse later in the process. Otherwise. 

Wolfram Mathematica will solve the integral and the inverse symbolically. 

Then I used the interpolation abilities of Wolfram Mathematica to interpolate f (t), from 

above. from O to some value, usually 10, with small steps. The interpolation function is defined 
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as ss [x]. The Wolfram l\fathematica command is ss 

10, 0.5]]. 

Interpolation[Table[x, s[x], x, 0, 

This interpolation helps with graphing the function, which is helpful in visualizing what is going 

on with the arc length. If the arc length is negative when graphed, there is a problem. I graphed 

each ss [x] to make sure the values for the function made sense with what I was expecting. The 

Wolfram Mathematica command is Plot [ss [x] , x, 0, 10]. 

The next step to using Wolfram Mathematica to calculate the x or y value of the arc length is 

to define the inverse function of ss [x]. Since ss [x] is the arc length, the inverse of this function 

will give the x or y value that produces that arc length. To define the inverse function in Wolfram 

11athematica I used inverse = InverseFunction [ss]. 

Then, it is possible to calculate the needed values for the different arc lengths. The way to 

do this is to have Wolfram Alpha calculate the inverse function with a specific value by inputting 

inverse [2] or inverse [6]. 

It is possible to double check that this x value is correct by calculating s (x) with x being the 

value from the inverse function. This can be done by inputting s [%] or typing the number resulting 

from evaluating the inverse function where the % is: s [1. 97997] for example. 

The % command in Wolfram Mathematica means the result from the preceding input. not matter 

where is was on the page. Another way to think of this, is that the most recent output can be 

represented as %. That means if I were calculate inverse [2], inverse [3], and then input s [%], the 

result should be 3 (or close to it). See the Appendix for an example of how accurate the inverse [ 

] and s [%] calculations are for the hyperboloid. 

The x or y value that has been calculated using Wolfram Mathematica is the radius that will 

be used to calculate the circumference of the circle of the rotation of the curve at that arc length. 

5.2.2 Circumference of the Circle at x or y values 

Since these surfaces are surfaces of revolution about an axis, they can be thought of as each point 

of the curve in two dimensions as making a circle about the axis of rotation. So, it is possible to 

compute the circumference of the circle at an x or y value. The x or y value that is being rotated 
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will be the radius of the circle at that point. 

The x or y value has been calculated above, using Wolfram Mathematica, so now it is possible 

to calculate the circumference at that point. 

C(x) = 21rx 

5.2.3 Calculating the Change in Circumference 

The last step in developing the crochet pattern is to determine how many stitches to increase or 

decrease by from one row to the next. The best way to do this is to find the change in circumference. 

C(x) = 2n 

The change of arc length with respect to x is represented as g; . This is necessary to calculate 

the change in circumference later. 

s = J; JI+ (f'(t)) 2 dt 

,m=.ll+([JY)2 ax V Ox 

Since we calculated ~n we can calculate ~x by using the Inverse Function Theorem. The theorem 
ux on 

states that if a function is continuously differentiable and non-zero derivative then the inverse of 

the derivative is -if. So, by the Inverse Function Theorem it is possible to take the reciprocal to 

□-et i>n and i!x = --1-. (1; 
b {ix {in Vl +4T2 

So fir = I 
' an Ji+(;l¥)2. 

,JC _ 27r 1 
ax - Ji+(~)2 

5.3 Paraboloid 

A paraboloid is formed by rotating a parabola around an axis. An image of a paraboloid can be 

seen below in Figure 20. A parabola has the equation y = ax2 + bx + c. The parabola I will be 

using a = l, b = 0 and c = 0. So, this paraboloid is created by rotating the graph the parabola 

represented by y = x 2 about the y axis. 

A paraboloid can also be made by rotating y 2 = x about the x axis. y2 = x has the same shape 

as y = x 2 however, it is centered along the x axis rather than the y axis. Compare Figure 21 to 
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t:'igure 20: Parabolµld (14) 

Figure 22 to see how the two parabolas have the same shape, just located in different sections of 

the x and y graph. Working with y = x2 is enough since my crocheted surfaces do not depend on 

where the stitches fall on the graph as long as the shape of the surface is the same. 

-1.0 -0.5 

IA 

1.2 

1.0 

0 .8 

0 .6 

OA 

0 .5 

Figure 21 : Graph of y = x 2 

1.0 

To determine the pattern for a paraboloid I will be using arc length as described above. Since 

j(x) = xz, then the parameterization of the function is y(t) = t2 and y' = 2t. Then, the arc length 

is s = J0"' J1 + (y'(t))2dt 

s = J; J1 + (2t) 2dt 

s = J: JI+ 4t2dt 

1 ote that this will be used to calculate circumference as this equation, when solved for x , tells 

22 



_I' 

1.5 

1.0 

0.5 

- 1.5 - 1 .0 -0.5 0,5 1.0 1.5 

-0.5 

-1.0 

- 1.5 

Figure 22: Graph of y 2 = :r 

us what x value the specific arc length has. That x value is then the radius of the circumference of 

the circle that forms that row. \Vith that x value, it is possible to calculate the circumference of 

the row and so the number of stitches in that row. 

What we wish to work with is the change in the arc length (represented aR n) with rn<;pect. to 

the change in x value. To calculate this, we calculate ~n. 
ox 

Jn = s'(t) = _Q_( rx J1 + 4t2dt) ax Dx Jo 

By the F\mdamental Theorem of Calculus, 3; = vl + 4x2 . 

Later I will use ~x to calculate the change in circumference. So, by the Inverse F\mction Theorem un 

it is !)Ossible to take the reciprocal to o·et un and Dx = --1-. 
b Dx Dn J1+4x2 

In order to know how many stitches to increase from one row to another, it is necessary to 

calculate the change in circumference with respect to the row, represented as ~c. 
on 

Circumference is defined by C = 21rr with r being the radius of the circle. Since the radius of 

the circle that is the row is equal to the x value found from arc length, substitute x in for r to get 

C(x) = 21rx. 
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Then. to find the number of stitches to increase or decrease by from one row to another, calculate 

½;;. In order to do this. the radius is equal to the change in radius with respect to the change in 

arc length or row. 

/JC =21r/J:r 
On On 

ac _ 2 1r 1 
cJn - ✓1+4x:l 

The above formula to find the change in circumference depends on the x value of the arc length. 

To find the x value. I need to solve for x in the equation for arc length. 

s = J; Jl + (y'(t)) 2 dt 

_., = j; J1 + 4t2 dt 

To see the calculations for the x values used for this pattern see the Appendix. 

See Figure 23 below to see a table with all the values calculated. Note that Circumference and 

~c have been rounded to the nearest whole number since both numbers are an amount of stitches 
(.11l 

and stitches can only be whole numbers. See Figure 24 to see an image of a crocheted paraboloid 

from the pattern I generated. 

row arc length x value of arc lenth C dC/dn 

1 1 0.763927 5 3 

2 2 1.2144 8 2 

3 3 1.55405 10 2 

4 4 1.83688 12 2 

5 5 2.08401 13 1 

6 6 2.3061 14 1 

7 7 2.50942 16 1 

8 8 2.69801 17 1 
9 9 2.87463 18 1 

10 10 3.0413 19 1 

Figure 23: Paraboloid pattern 

5.4 Ellipsoid 

The ellipsoids I will be dealing with are created by rotating an ellipse about the x or y axis; this 

means that an ellipse on a 2 dimensional graph would be rotated out of the page. back into the 

' 2 
page to end where it began while being centered about an axis. An ellipse is defined as ~ + 1{;; = l 
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Figure 24: Crocheted parnboloid 

with a, b E IR . 

The first step is to calculate t . 

2 2 
~=1-~ 

2 _ b2 b2 x 2 
y - - a' 

✓2 b2x2 y = - a2 

[)y - - b2 

ax - a2Jb'-~ 

The next step is to plug this into the arc length equation. 

s=J; l+ a4(b2~~)dt 

s = J; )1 + 
0
._!>:,t, dt 

Then, I use this equation to calculate the x V'dlue that gives each arc length, such as in the 

Appendix. 

Then, in order to calculate ~, I determined ~. 

8 = fox )1 + a•_!':,t,dt 

25 



Ox 
Dn - sqrtl+ a4~a2x2 

Then, it is possible to calculate ~~;;. 

C= 2nr 

ac - 2n 1 
()n - J1+ b2 
~ 

With this, it is possible to calculate the increase in stitches from one row to another. It is 

important to realize that the equation for determining the x value that gives a certain arc length L'i 

undefined for decreasing arc length. However, since the ellipse is symmetric about the y axis, the 

crochet pattern will be the same for the positive x v,i,lues as the negative x v,i,lues. So, the change 

in stitch numbers is repeated from the first half of the pattern in reverse. 

5.4.1 Ellipsoid with a = 6 and b = 4 

An ellipse with a = 6 and b = 4 would have the equation x' + L 36 16 1 and would appear as in 

Figure 25 below. 

-2 

Figure 25: Ellipsoid with a = 2 and b = 6 

In order to determine the formula for arc length, t! must be calculated. 

Dy -b2 
[}x - 2 Jb2 b2T2 a ~~ 

/)y _ -16 
ax - ✓ 2 ~6 16~ 1~{ 

Arc length can then be determined . 

Jo ~ 
.5 - rx ✓l + ( -16 )2dt 

36y 16-:ts 

26 



f, T 

8 = '0 

Using Wolfram l\Iathematica I used the same sequence of ideas and formulas as described pre-

viously to determine the x values to given an arc length, see the Appendix. 

In the Appendix, I was unable to use inverse [6] when trying to calculate the x value for arc 

length of 6. This is because Wolfram Mathematica was unable to calculate the value since the 

function the integral does not act in a way that Wolfram Mathematica can handle at 6. So I used 

the l function to estimate the most accurate x value to two decimal places. 

The next step was to use those x values to calculate the circumference of the circle of rotation 

at that point, using the equation C = 21rx. Then, also using the x values. I was able to calculate 

fJC _ 21r 1 
fJn - Ji+ o2 
~ 

fJC = 21r 1 

(Jn Ji+ 1296~
6
rnx2 

2 2 

Note that since the ellipse of ;
6 

+ 1fti = 1 is symmetric about the y axis, the ellipsoid is a.lso 

symmetric about the y axis. This means that when the x value is equal to a ( or as close to it 

as is reasonable) the pattern is halfway done and the second half of the pattern decreases the 

same number of stitches ea.ch row as the corresponding increase row. In general, when a. surface 

is symmetric a.bout an axis and requires increasing and decreasing it is necessary to repeat this 

process. It was not necessary to do this for the hyperboloid of 2 sheets and paraboloid because 

there was no need to repeat the pattern while decreasing like for the sphere and the ellipsoid. 

In this example when the a.re length (or row number) is 6, the x value is 5.92. This is as close 

to 6 as is reasonable to expect judging from the way the x values increase just short of 1 with an 

increase of 1 arc length. So, row 7 of the pattern will decrease the same number as row 6 increased. 

The pattern repeats the increases in reverse order as decreases. This is because the ellipsoid pattern 

is the same whether the starting x value is positive or negative on the graph: the two ha.Ives of 

the ellipsoid increase the same amount when moving toward the center independent of the starting 

side. See Figure 26 below for the entire ellipsoid pattern with a = 6 and b = 4. See Figure 27 below 

for the crocheted ellipsoid from this pattern. 
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a 6 b 4 

n x value from Mathematica calculated y value C dC/dn Total Stitches 

1 0.99 3.945174267 6 6 6 
2 1.98 3.775923728 12 6 12 

3 2.97989 3.471807444 19 6 17 

4 3.97063 2.998821798 25 5 23 

5 4.9567 2.253996462 31 5 28 
6 5.92 0.6510163 37 2 30 

7 31 -2 28 
8 25 -5 23 

9 19 -5 17 

10 12 -6 12 

11 6 -6 6 
12 0 -6 0 

Figure 26: Pattern for ellipsoid with a = 6 and b = 4 

Figure 27: Crocheted ellipsoid with 1l = 6 and b = 4 

5.5 Hyperboloid 

The hyperboloid is created by rotating a hyperbola about the x or y axis; this means that a 

hyperbola on a 2 dimensional graph would be rotated out of the page, back into the page to end 

where it began while being centered about an axis . There are two different hyperboloids that can 
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be obtained: a hyperboloid of one sheet (Figure 28) and a hyperboloid of two sheets (Figure 29). I 

will cover each in different subsections below. 

Figure 28: Hyperbo\oid of 1 Sheet 

Figure 29: Hyperboloid of 2 Sheets 

5.6 Hyperboloid of Two Sheets 

2 2 

The hyperboloid of two sheets is created by rntating a hyperbol0id of the form ~ - ~ = 1 about 
, , 

the y axis. I will be using a = b = 1. The same hyperboloid can be obtained from ~ - ~ = 1 

rotated about the x value and if the x and y values are switched in the following calculations. Note 

that this hyperboloid is crocheted the same way, but does look different when graphed . 

So, it is necessary to determine ~ and to use Wolfram 1.fathematica to determine the x V'alues 

of certain arc lengths. 
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_y2 -x2 = l 

y = ✓1 + :r2 

:!Jj_ _ __ x_ 
,)x - v1x 2+1 

So. then the arc length is as follows. 

rx . I by d 
s = Jo V 1 + nx .t 

s = J; Jl + (J'(t))2dt 

s = J; jl + 1}:1 dt 

s=J:mdt 
Using Wolfram lvlathematica I calculated the x values that give each consecutive arc length, 

this can be seen in the Appendix. Using that x value I was able to solve for the y value using the 

equation y = J1 + x 2. Then. I was able to calculate the circumference of the circles at those arc 

lengths. The next step is to calculate ~. 

s=J:mdt 
On _ ✓2y2 -l 
<11/ - y2-I 

So al/ = ,;2-1 
' an 21i2-1 

Then. the increase in stitches from row to row is calculated by the following. 

C = 21rr 

C(y) = 21ry 

For a complete look at the different calculations see Figure 30 below and for an image of the 

crocheted hyperboloid of two sheets from this pattern see Figure 31 below. 

5.6.1 Hyperboloid of One Sheet 

A hyperboloid of one sheet can he thought of as the inverse of the hyperboloid of two sheets: the 

hyperboloid of one sheet covers the parts of the graph that the hyperboloid of two sheets misses. 

Since the hyperboloid of two sheets is the rotation of ;G - ~ = 1 about the x axis, the hyperboloid 
2 2 

of one sheet is the rotation of ~2 - t2 = 1 about the y axis. In order to crochet a hyperboloid of 
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n KOfr C «/dn total Smd'le! 

1 0.918028 6 6 

2 1.70359 11 4 1() 

3 2.44735 15 4 14 
4 3.17547 20 4 18 

5 3.896166 24 4 23 

6 4.61277 29 4 27 

7 5.3269 33 4 31 
8 6.03939 38 4 36 
9 6.75077 42 4 40 

10 7.46134 47 4 45 

Figure 30: Excel pattern for hyperboloid of 2 sheets 

Figure 31: Crocheted hyperboloid of 2 sheets 

one sheet it is possible to use the x ~ues already calculated from generatir\g the pattern for the 

hyperboloid of two sheets to find the y v-alues that will serve as the radius of the circles that make 

up the pattern. 

I will once again use a= b = 1. Since y2 - x 2 = 1 it is possible to solve for y = Jx2 - 1. So, 

using the x values previously calculated, calculate the corresponding y v-alues. However, there -are 

two x values that give a particular y v-alue. This means that -6.03939 and 6.03939 will give the 

y value of 5.956025 and similarly for all other y values. This means that the pattern will increase 
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nntil the graph reaches y axis. 

For convenience, I will start with x = -7.46134 and continue to x = 7.46134. The graph 

continues on infinitely along the x axis, but I will only be focusing on the x values between -7.46134 

and 7.46134. This means that the x values will increase throughout the pattern and y = l will be 

the middle of the pattern. 

After calculating each y value from the known x values, it is possible to calculate the circum­

ference for each circle. The circumference, when rounded, tells how many stitches there are total 

in that row. From this information it is possible to calculate the change in stitches from one row 

to another by subtracting the circumference of the previous row from the current circumference. 

Figure 32 is the pattern produced by this process for the hyperboloid of a = b = l. Figure 5.6.1 

is an image of the crocheted hyperboloid of one sheet. 

n x or r y value ( change in circumference 
1 -7.46134 7.394024 46 

2 -6.75077 6.676294 42 -5 

3 -6.03939 5.956025 37 -5 

4 -5.3269 5.232195 33 -5 

5 -4.61277 4.503071 28 -5 

6 -3.89617 3.765649 24 -5 
7 -3.17547 3.013903 19 -5 

8 -2.44735 2.233724 14 -5 

9 -1.70359 1.37921 9 -5 

10 0.918028 1 6 -2 

11 1.70359 1.37921 9 2 

12 2.44735 2.233724 14 5 
13 3.17547 3.013903 19 5 

14 3.896166 3.765649 24 5 

15 4.61277 4.503071 28 5 
16 5.3269 5.232195 33 5 

17 6.03939 5.956025 37 5 
18 6.75077 6.676294 42 5 

19 7.46134 7.394024 46 5 

Figure 32: Excel pattern for hyperboloid of 1 sheet 
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Figure 33: Crocheted hyperboloid of 1 sheet 

5. 7 Square Rotations 

Up to this point I have been dealing with surfaces of rotation about an axis where the rotation has 

always been a circle. Now, I will discuss if the rotation has a square cross section. It is possible to 

crochet a square by doing three single crochets in the stitches that are the corners of the square. 

5.8 Two Sheet Hyperboloid Square Rotation 

In Figure 34 below the circle labeled "Regular Hyperboloid Cross Section" demonstrates how the 

radius is considered when the hyperbola is being rotated about a circle to form the hyperboloid. 

The square demonstrates how the radius is considered when the hyperbola is being rotated about 

a square. Note that there are 8 r 's about the whole square. 

To calculate the total number of stitches the first step is to note that the radius is the same as 

was calculated before using Wolfram Mathematica. Then, as seen in the above figure, multiply r 

by 8 to find the number of stitches before figuring the extra stitches for the corners of the square. 

To form the corners of the square, three single crochets are stitched in one stitch, this is the corner 

stitch. This results in an increase of two stitches for each corner for each row. Add 6 stitches to 
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Regular Hyperboloid Cross Section Square Rotation Hyperboloid Cross Section 

Figure 34: Square cross section 

the previously calculated number of stitches from the radius. Lastly, it is possible to calculate the 

mcrease from one row to another. See Fig1ire 35 below for the pattern of rotation a paraboloid 

about a square. See Figure 36 for an image of the side view of a hyperboloid of square rotation, 

note how the shape is the same as a hyperboloid of circular rotation. See Figure 37 for an image of 

a hyperboloid of square rotation from the top, note how there are 4 sides and 4 corners to form a 

square. 

n x or r Stitches with out corners Total Stitches Increase 

1 0.918028 7 15 
2 1.70359 14 22 6 

3 2.44735 20 28 6 
,------

4 3.17547 25 33 6 
5 3.896166 31 39 6 

6 4.612n 37 45 6 

7 5.3269 43 51 6 
8 6.03939 48 56 6 
9 6.75on 54 62 6 

10 7.46134 60 68 6 

Figure 35: Hyperboloid square rotation pattern 
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Fig1ire 36: Side view of sqµare ro~ation of hyperboloid 

Figure 37: Top view of square rotation of hyperboloid 

6 Conclusion 

In conclusion, I have used certain mathematical principles (such as circumference, arc length, and 

surfaces of revolution) , to develop crochet patterns for the Euclidean surface, the spherical surface, 
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the parabolic surface, the hyperboloid surface, and the ellipsoid surface. These surfaces are surfaces 

of constant curvature or of revolution. I used the idea of crocheting in circles to use the circumference 

of that circle to determine the number of stitches in each row. Doing this research has increased the 

amount of research done into relating crochet and mathematics, specifically discrete geometry. By 

researching how to crochet mathematical surfaces I am increasing the ability for people, especially 

crocheters and crafters, to understand mathematics and learn more about geometry and surfaces. 
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A Summary of Notations 

fj Angle of arc length on a sphere 

;~: Derivative of arc length with respect to x 

g~ Derivative of x with respect to row number 

ac Derivative of circumference with respect to row number an 

Fx Frst derivative of F(x,y) with respect to T 

F11 First derivative of F(x,y) with respect toy 

Fxx Second derivative of F(x,y) with respect to x 

F1/Y Second derivative of F(x,y) with respect toy 

2 

a Real number that is used to form an ellipse, denominator of ~ 

b Real number that is used to form an ellipse, denominator of ~; 

C Circumference of circle 

k1 Principal curvature 

k2 Principal curvature 

l Stitch size 

n Row number, equal to arc length 

R Radius of sphere 

r Radius of circle 
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T Total number of stitches 

8 Arc length 

w Representation for R 2 + x 2 + y2 

-±0 



B ,,r lfrc 111 ~lath Ille t i c C d 
l\fathemati cod to h th accuara of mputations and 

inpu . 

f[t_] : . 
2 t 2 + l 

t 2 + l 

s [t .. J : • Nint•grate [ f [u], {u , 0 , t}] 

ss,. lnt•rpolation[Ta.ble[{x , s(x]}, {x , 0 , 10 , 0 . 1}]] 

I n e r polatingFu nction [ { { 0 ., 10 . }} , < > ] 

Plot[ss[x] , {x , 0 , 10}] 

12 

10 

s 

6 

4 

2 4 6 10 

inv•rs• • Invers•Function ( ss) 

InverseFunction[InterpolatingFunction[{{ O., 10 . }} , <>]] 

inv•r••[l) 

0 .91 80: S 

s(0 . 918028] 

1. 

inv•rse{2] 

1.70359 

s{%] 
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Math matica code for paraboloid. 

~ lt= f [ t _] : = ✓ 4 t 2 
+ 1 

ln(2t= s [t ] : = lllntegrate [ f [u], {u, 0, t}] 

~t= •• = rnterpolation(Table({x, s[x)}, {x, 0, 10, 0.1}]] 

Q.1(3)= Inte.rpolatingFunctio n [ { { 0 ., 1 0 . } } , <> ] 

Plot[ss[x], (x, 0, 10}) 

IO 

dO 

)= 

40 

20 

2 4 6 I 10 

· ~ 5}:= inverse = :rnverseFunction I ss] 

Oulf5J= Inverse Function [ nterpo latingFunction [ { { 0 ., 0 . } } , < J] 

inver•e[l] 

~J= 0 . 7 63924 

ln(7l= inverse[2] 

CM(7}= 1. 144 

- inverse { 3] 

cn(SJ= 1. 554 05 

: inver•e [ 4] 

OultVJ= 1. 3 6 8 

1ot= inverse { 5] 

cn{IOJ= 2 . 08 4 01 
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11r- inverse(6] 

CU[11}= 2.30 6 

12r- inverse ( 7] 

CU[12}= 2.50 942 

t3r- inverse ( 8] 

Ou1{13}= 2. 698 0 1 

t4r- inverse ( 9] 

CU[14}= 2 . 7463 

15r- inverse(lO] 

Cvl{15}= 3. 0 4 3 
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Math matica code for llipsoid cal ulations. 

ln{I)= a : 6 

1r 6 

ln{2J= b = • 

Oul(2J= 4 

ln[J]= f[t_] ·- 1+ ----
a4 - a2 t2 

tn[◄J= s[t_] := Rintegrate[ f(u], {u, 0, t}J 

5}= ss = Interpolation(Table[{x , s[x]}, {x, 0, 10, 0.5})] 

Interp latingFunc in [ {{ ., • } , <..> 

J= Plot[ss[x], {x, 0, 10}] 

5 

3 

2 

2 4 6 I 10 

ln[7)-= inverse = InverseFunction ( ss] 

Inversl!FUncti n [ Interp latingFuncti. n { { . , 0 . } } , <> J 

44 



ln[S]= inverse(l] 

Out."BJ" . 993 -

In~]= inverse[2] 

Out; }= • 9 :9 

In[ O]= inverse[3] 

11lr :.9 9 9 

In[ t)= inverse[4] 

11}== 3.9 63 

ln[t2] = inverse[S] 

12}= 4.956 7 

In[ 4};= s[S.92) 

14}= 6. 0 6 
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Math mati cod fi r hyperhol id of 2 

ln{15).= f [t_] :=~ 

~~ 

al ulatio . 

ln{ICJ-= s [t_] : = Hintegrate [ £ [u] , {u, 0, t}] 

ln{t7}:= ss = Interpolation(Table[{x , s[x]}, {x:, 0, 10 , 0.1}]] 

·r7}= Interp latingFuncti n ( { { 0 ., 0 . } , <> 

ln(t6J= P\ot[ss[x] , {x, 0, 10}] 

12 

10 

I 

()J(IB}" 
6 

4 

l 

2 6 I 10 

In( OJ= i~verse = InverseFu~ctj_on[ss] 

t~ Inver.seFu cti n [ ;nterp a~ingFuncti n [ { { ., O. }} , < ] 

ln[10)°" inverse (1] 

0 .9 8 8 

ln[21l= inverse (2] 

1}" • 0359 
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ln{22J = inverse[3] 

: .44 35 

ln{23J= inverse[4] 

OJ(23}= 3 . 5 4 

ln{24J= inverse[S] 

}= 3 . 96 

ln(Z5J= inverse[6] 

5}= 4.6 " -
ln{2e].= inverse[7] 

5 . 3 69 

.. , := inverae[8] 

7}= 6 . 3939 

]= inverse[9] 

6 . so 

]= inverse[lO) 

• }= . 46 3 

ln(30]= inverse[ll] 

3 _ 
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